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These are the handouts for Statistical Data Exploration class taught at the
Faculty of Physics, Warsaw University of Technology.

Exercise 1.1

Let vector y be is m × 1, vector x be n × 1, and matrix A be m × n,
and let A not depend on x or y. Provided that y = Ax and α = yTAx
show that:

1. ∂y
∂x = A

2. ∂α
∂x = yTA = ATy

3. ∂α
∂y = xTAT = Ax

Solution 1.1

Let us start with some defining possible outcomes of matrix multi-
plication (i.e., matrix, vector and scalar)1. Rewriting the first problem 1 Let A be an m × n matrix (i.e., possess-

ing m rows and n columns) and let B be
an n × p matrix and let the product AB
be

C = AB

then C is an m × p matrix with

cij =
n

∑
k=1

aikbkj

for i = 1, 2, . . . , m and j = 1, 2, . . . , p.
In the same manner, if A is m × n,

x is n × 1, then the i-th element of the
product

z = Ax

is given by

zi =
n

∑
k=1

aikxk

for all i = 1, 2, . . . , m Similarly, if y
is m × 1, then the i-th element of the
product

zT = yTA

is given by

zi =
m

∑
k=1

akiyk

The scalar resulting from the product

α = yTAx

is given by

α =
m

∑
j=1

n

∑
k=1

xjajkxk

as
∂yi
∂xj

=
∂

∂xj

n

∑
k=1

aikxk =
n

∑
k=1

aik
∂xk
∂xj

=
n

∑
k=1

aikδkj = aij,

where i = 1, . . . , m, j = 1, . . . , n and δij is the Koronecker δ. This
proves the first relation. Let us note that if instead we have yT = xTA
then owing to the fact that y = ATx we obtain that

∂

∂x

(
xTA

)
= AT

To prove the second relation, let us notice that we can rewrite yTAx
as zTx, where zT = yTA. Thus, differentiating with respect to x gives
zT , confirming result 2.

The third relation can be confirmed by noticing that owing to the
fact α is a scalar

α = yTAx = αT = xTATy

By making use of the just-proven relation, we arrive at the desired
outcome.

Let us finally consider a specific case of α = yTAx, i.e.,

α = xTAx

when A is a square matrix (i.e., n × n) and check the result of dif-
ferentiating with respect to x. Once again, let us use the definition,
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i.e.,
∂α

∂xk
=

∂

∂xk

n

∑
j=1

n

∑
i=1

aijxixj =
n

∑
j=1

n

∑
i=1

aij
∂

∂xk

(
xixj

)
which gives

∂α

∂xk
=

n

∑
j=1

n

∑
i=1

aij

(
δikxj + δjkxi

)
=

n

∑
j=1

akjxj +
n

∑
i=1

aikxi

for all k = 1, . . . , n. Consequently

∂

∂x

(
xTAx

)
=
(

AT + A
)

x

and if additionally A is symmetric then

∂

∂x

(
xTAx

)
= 2Ax = 2xTA

Exercise 1.2

We have the following three series of observations2 that belong to 2 We assume that an observation xi is
a p-dimensional column vector, i.e., a
p × 1 matrix, containing observation
components. For the sake of simplicity
(and in the presence of shortage of
space) this column vector is often
written as xi =

(
x1

i x2
i . . . xp

i
)T ,

where T is the transpose operator.

three different classes 1, 2 and 3:

X1 =


1 2
2 3
2 2
2 1
3 2



T

X2 =


3 4
4 5
4 4
4 3
5 4



T

X3 =


5 0
6 1
6 0
6 −1
7 0



T

Calculate the optimal separating direction using the Fisher method.
Evaluate if the method enables class separation. Why is the second
direction (corresponding to the second eigenvalue) worse than the
first?

Solution 1.2

We start by calculating the mean value in each of the classes 3 3 The mean value of a set of n observa-
tions x1, ..., xn is simply calculated by
taking the mean value over each of the
components

x̄ =
1
n

i=n

∑
i=1

xi =
1
n


x1

1 + x2
1 + · · ·+ xp

1
x1

2 + x2
2 + · · ·+ xp

1
...

x1
n + x2

n + · · ·+ xp
n


x̄1 =

1
5

(
10
10

)
=

(
2
2

)
x̄2 =

(
4
4

)
x̄3 =

(
6
0

)
(1)

followed by the calculation of covariances4

4 Covariance or covariance matrix of
the set of n column-like p-dimensional
observations is given by

S =
1

n − 1

i=n

∑
i=1

(xi − x̄) (xi − x̄)T , (2)

where x̄ is the mean value.

S1 =
1
4

[(
−1

0

)(
−1 0

)
+

(
0
1

)(
0 1

)
+

(
0
0

)(
0 0

)
+

+

(
0

−1

)(
0 −1

)
+

(
1
0

)(
1 0

)]
=

=
1
4

[(
1 0
0 0

)
+

(
0 0
0 1

)
+

(
0 0
0 1

)
+

(
1 0
0 0

)]
=

(
1
2 0
0 1

2

)
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In this example, covariance matrices in classes 2 and 3 are the

same, i.e., S2 = S3 = S1 =

(
1
2 0
0 1

2

)
The Fisher Discriminant analysis relies on the notion of the so-

called within-class W5 and between-class B6 covariances. In this 5 Within-class covariance W is simply
a weighted average over all class
covariances, i.e,

W =
1

n − g

k=g

∑
k=1

(nk − 1)Sk

where g is the number of classes, nk is
the number of observations in a given
class and n = n1 + · · ·+ ng is the total
number of observations.
6 Between-class covariance B reflects
the scattering of class means x̄k around
the overall mean value x̄ (i.e., the mean
value of all observations regardless of
their class)

x̄ =
1
n

k=g

∑
k=1

nk x̄k

and can be written as

B =
1

g − 1

g

∑
k=1

nk(xk − x̄)(xk − x̄)T

where g is the number of classes and nk
is the number of observations in a given
class

case, owing to the fact that the scattering of points in each class is the
same, and we have the same number of observations in each class, we
simply have

W = S1 = S2 = S3 =

(
1
2 0
0 1

2

)
In the case of B, we first need to calculate the overall mean:

x̄ =
1
3

[(
2
2

)
+

(
4
4

)
+

(
6
0

)]
=

(
4
2

)

B =
5
2

[(
−2

0

)(
−2 0

)
+

(
0
2

)(
0 2

)
+

(
2

−2

)(
2 −2

)]
=

=
5
2

[(
4 0
0 0

)
+

(
0 0
0 4

)
+

(
4 −4

−4 4

)]
=

5
2

(
8 −4

−4 8

)
=

= 10

(
2 −1

−1 2

)
Having calculated W and B we are now able to find the optimal

direction is space that allows for the best separation of classes7 Luck- 7 The best direction a that separates the
classes is a vector that maximizes the
formula

J =
aTBa
aTWa

The solution is the eigenvector of

U = W−1B

corresponding to the largest eigenvalue.

ily enough, matrix W is diagonal, so to calculate the inverse of W, we
simply need to invert each element on the diagonal:

U = 10

(
2 0
0 2

)(
2 −1

−1 2

)
= 10

(
4 −2

−2 4

)
= 20

(
2 −1

−1 2

)

Now, it simply suffices to find the eigenvalues and eigenvectors8 of 8 The eigenvalues λ of matrix A can be
obtained by calculating the roots of the
characteristic polynomial

det(A − λI)

where det is the determinant and I to is
the identity matrix, and eigenvectors ui
corresponding to specific eigenvalues λi
can be obtained by solving the equation

(A − λiI)ui = 0

the matrix

(
2 −1

−1 2

)
:

∣∣∣∣∣
(

2 −1
−1 2

)
− λ

(
1 0
0 1

)∣∣∣∣∣ =
∣∣∣∣∣2 − λ −1

−1 2 − λ

∣∣∣∣∣ = (2 − λ)2 − 1 =

= λ2 − 4λ + 3 = (λ − 3)(λ − 1).

We have obtained two eigenvalues: λ1 = 3 and λ2 = 1. Obviously,
λ1 is the largest one, thus we should use it to find the corresponding
eigenvector u1 = (ux, uy)T :

[(
2 −1

−1 2

)
− 3

(
1 0
0 1

)](
ux

uy

)
=

(
−1 −1
−1 −1

)(
ux

uy

)
= 0
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The above equation leads to a system of identical equations:−ux = uy

−ux = uy

Thus, any vector u1 =
(

c −c
)T

where c ∈ R \ 0 satisfies this
equation. For simplicity, we can use c = 1; however, if we addition-
ally require that the components of the vector are normalized, i.e.,

||u1|| =
√

u2
x + u2

y =
√

2c, we simply arrive at

u1 =
1√
2c

(
c

−c

)
=

√
2

2

(
1

−1

)

for any value of c other than 0. Similar calculations for the second
eigenvalue give us[(

2 −1
−1 2

)
− 1

(
1 0
0 1

)](
ux

uy

)
=

(
1 −1

−1 1

)(
ux

uy

)
= 0

and in consequence ux = uy

ux = uy

that lead to

u2 =

(√
2

2√
2

2

)
=

√
2

2

(
1
1

)
It is fairly obvious that none of the directions given by eigenvectors
allows for a good separation of classes. However, it is unclear why
the first direction should be preferred over the second. To show that
this choice is in fact better, it suffices to calculate the value of J:

J(u1) =

√
2

2

(
1 −1

)
10

(
2 −1

−1 2

)
√

2
2

(
1

−1

)
√

2
2

(
1 −1

)( 1
2 0
0 1

2

)
√

2
2

(
1

−1

) =

=

10
(

3 −3
)( 1

−1

)
(

1
2 − 1

2

)( 1
−1

) =
60
1

= 60

In the same manner J(u2) = 20. Note that these are the actual eigen-
values of U (we simplified the calculation of λ by putting 20 in the
front of U, so formally λ1 = 60 and λ2 = 20).



statistical data exploration handouts 5

Exercise 1.3

Show that the vector a∗ that maximizes the formula

J =
aTBa
aTWa

is an eigenvector of
U = W−1B.

Solution 1.3

In order to show it, let us calculate the derivative of J with respect
to a taking into account the fact that both W and B are square and
symmetric matrices:

∂J
∂a

=
aTBa
aTWa

=
∂

∂a
(
aTBa

)
aTWa − ∂J

∂a
(
aTWa

)
aTBa

(aTWa)2 =
2BaaTWa − 2WaaTBa

(aTWa)2

Now, to find a∗ we require that

Ba∗a∗TWa∗ − Wa∗a∗TBa∗ = 0

If we now divide the equation by a∗TWa∗ we arrive at

Ba∗ = λWa∗

where λ = a∗TBa∗/a∗TWa∗. However, if the inverse of W we simply
have

W−1Ba∗ = λa∗

which is the definition of the eigenvalue problem. Let us finally note
that for a given eigenvector a∗n the value of J is simply equal to the
corresponding eigenvalue λn.


