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Unsupervised learning methods
[

o we assume a multidimensional set of observations from RP,

o usually observations are not uniformly spread along all di-
rections of the coordination system,

o they cluster in specific subspaces of R”,

o the directions along which the observations group do not
have to coincide with RP axes



vised learning methods i ents Analysis

o we have a random sample from a continuous distribution in
RP with a vector of expected values m and covariance S,

o let x be a random vector,

o the aim of the analysis is to define the principal compo-
nents of x,

o we are interested in linear combinations of x, i.e., dot pro-
ducts a’x, where a is a any specific vector from RP,

o ais a unit vector, i.e., ||a||> = a’a = 1, and the dot product
a'x is called a standardized linear combination.



Unsupervised learning methods Prin
o ce

The first Principal Component is created by finding such a unit
vector (1) € RP, that

var (7(Z)x) = il {var (aTx)}

We look for a standardized linear combination with a maximal
variance or we look for such a direction ~(y) € RP, so that the
orthogonal projection of random vector x on this direction give a
random variable with maximal variance.

A random variable 7(71)(x —m) is called the first Principal Com-

ponent of vector x. Subtracting constant value 7(T1)m of 7(71)x
does not influence the variance of the variable but will be further
found useful.



Unsupervised learning methods Principal Components Analysis

The second Principal Component is created by finding such a
unit vector ~(z) € RP, that

var (7{2)x) = X _ {var (aTx)}
provided that

E [’Y(Tn(x — M)y (X — m)} =0.

|
The second Principal Component equal to fy(Tz)(x — m) has the
maximal possible variance provided that it is uncorrelated with
the first one.



Unsupervised learning methods sional scaling

In general k + 1-the Principal Component of vector x, equal to
fy&+1)(x— m), corresponding to standardized linear combination
7(7,;+1)X has the largest possible variance on the condition that it
is not correlated with other PCs: first, second,... and k-th.

The vector v(;), I = 1,2,..., pis called the /-the loading vector
(or coefficients) of the i-the PC.

Consecutive loadings ~;) define consecutive directions of maxi-
mal variance of the random vector x



Unsupervised learning methods Principal Components Analysis Vu sional scaling

Let x be a random vector with expected value m and covariance
S and eigenvalues \;, i = 1,..., p of that matrix fulfill the follo-
wing condition:

A1 Z)\QZ...’}/’D>O.

Vector ~(;) of the i-the PC of x
Vi =y (x —m)

i=1,...,p,is equal to the i-th eigenvector of S, corresponding
to eigenvalue \;.



Principal Components Analysis
[ Jelele]

Let us assume that ~(;) are consecutive eigenvectors of S. We need to show
that such random variables y; are PCs of x. The covariance matrix can be
factorized as S = I'AT'’, where T is an orthogonal matrix whose columnns
are eigenvectors of S

T = [va), Yy - - V)
and A is a diagonal matrix of positive eigenvalues of ). Let us note that the
variance of a random variable y; = )(x —m)is
var(y;) = = Z YOGy | Yoy = Ai

and
cov(yi, ) = E [v(x = m)(x —m) )| =+, Sv() =0




earning methods inci nts Analysis

Now we need to show that the 1st PC fulfills y; = ~(j,(x — m), where ~ is

the first eigenvector of S. Let us consider any linear combination of x, i.e. a”x
(llall = 1). Then a can be rewritten in the basis constructed by eigenvectors
as:

a=0Cym+..-+ GV

where ¢i,...,cp € Ri

Stad
. P P
var(a’x) =a'Sa=a’ (Z )\/7(,-)‘/(7)> a=>» \c
it it

However,as A1 > ... > X\p > 0i Zj‘.’:k cj2 = 1, then variance gets its maximum
A1 when
C1:1 ngZ...:Cp:O

So the 1st PC is given by the first eigenvector of S.



earning methods inci nts Analysis

We still need to prove that the k-th PC (k > 2) fulfills yx = 7&)(x — m), where

vk is the k-th eigenvector of S. Let us consider any linear combination a’x,
not correlated with (X, i < k. The we have:

p
E [aT(X —m)yG(x - m)} =a'Sy; =a' (Z Af‘/m‘/g)) Vi) = i =0,

i=1

But all eigenvalues \; > 0, so ¢; = 0 for i < k. Thus
P
var(a’x) = Y "\
j=k

Thus
14 P
var(a’x) =a'Sa=a’ (Z )\/'y(,-)'y(T,-)> a=> nc
i=1 i=1

As i >...> X >0iYF, ¢ =1ivar(y) = )\, we obtain the statement of
the theorem. QED.



Principal Components Analysis
{eJele] ]

All p combined PCs form a vector y
y=T"(x—m) (1)

so in fact it is a transformation of the random vector x into vector
y, that consists of

Q translating vector x with its expected value (cenetring),

Q linear transformation of the centered vector using an ortho-
gonal matrix I'T (in a geometric description it is simply rota-
tion of the original coord. system)

The axes of the new coord. system, created by loadings ;) are
tailored so that the the orthogonal projections of original random
vectors are maximized provided that they are not correlated with
previous projections.



earning methods

Prayktad 2

ents Analysis

A simple 2D example: an observation is pair
of points obtained from two tests. In the first
group these were (x1) practical aviation skills
test and (x2) comprehensive test from history
and literature; in the second group (x1) the
same aviation skills test and (x2) comprehen-
sive maths and physics test.

@ for high-dimension data it is essential to
have the possibility of dimension reduc-
tion with minimal loss of information,

O here: the top plot shows that the variance
on y; si much larger than on y, — these
2D data can be treated as 1D,

@ in the bottom plot we cannot proceed li-
kewise



earning methods

Prayktad 2

ents Analysis

the second important issue is the possi-
bility to interpret new variables (reifica-
tion),

the y» component describes the contrast
between the original variables (some lo-
adings are significantly positive other are
significantly negative),

here: small contrast in the first case and
large in the second one

one can interpret y» from bottom plot
"ability to abstract thinking", while y; in
the first group can be thought of as "ima-
gination"
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Principal Components Analysis
[ ]

How can we define the possibility of performing dimension re-
duction?

The criterion is realatively easy, owing to the fact that for a sym-
metric matrix its trace is equal to the sum of all eigenvalues of
such a matrix. Thus the sum of all eigenvalues of S is equal to
sum of variances of components of x. Thus

>\1+...—|—)\k

100%
MAtrp

k < p gives the variability fraction of the random vector x
explained by first k PCs, where the total variability is understood
in terms of the sum of variances.



Multidimensional scaling
[ Je]

Let dj, i,j,= 1,...,n be Euclidean distances among observa-
tions x; i X; in RP. The task is to find such a subspace R" with
dimension r, so that the distances 8,-,' among the projections of
observations onto such a subspace minimize

n n
V=33 (d &)
i=1 j=1
It turns out that a subspace defined with the first r PC solves

this task — such a subspace in the best way recovers the initial
configuration of observations.

v

The recovery of observations in a low-dimensional space is of
great importance especially in the case of visualization methods.



Multidimensional scaling
oe

In a similar way it is often important to present non-numeric data
in a Euclidean space with low dimension. It possible to be ac-
complished by swapping distance measures with similarity ones
and using algorithms of multidimensional scaling.

Such a scaling is important when the similarity matrix is the input
data set, i.e., we do not possess observations but only similari-
ties among them

An example - similarities of consonants. The vocal smilarity of consonants
(e.g., si zw jez. polskim) can be measured by speaking out loudly these
consonants in the presence of following people and tallying the fraction of
recognizing one consonant as the other one.



Unsupervised learning methods alysis sional scaling

\
Having the (dis)similarity matrix dj, is it possible to find such a

space R® or such configuration of points in thus space, that the
Euclidean distances dj recover matrix d;;?

\
If so, then having RS is it possible for any non-negative integer

u < sto define a space RY and such a configuration of points so
the Euclidean distances minimize V?



Multidimensional scaling
[ Je]

O we assume that the symmetric (dis)similarity matrix d; with dimension
(n, n) fulfills triangle inequality,

O we create matrix I' with v; = — 1 df

d = (|—111T)r<|—1117>,
n n

where | is a unit matrix, a 1 vector of ones.

O we create

If the assumed conditions are fulfilled and additionally ® is positive-definite
then it solves the first part of out task. The matrix ® is of at most rank n — 1,
and the dimension s of the Euclidean space is equal to rank of ®.



Multidimensional scaling
oe

The algorithm is as follows:

O find eigenvalues A1 > X2 > ... > )\, = 0 and corresponding eigenvec-
tors of v; of ®,

O rescale the eigenvectors so that v/v; = \;; the coordinates of n obse-
rvations along the i-th axis in the Euclidean space R® are given by the
components of v; and the dimension s is given by the number of non-
zero eigenvalues \;

The algorithm is called classical scaling.

Owing to the same method one can answer the second question: the best
(in terms of V) u-dimensional representation of points characterized with a
(dis)similarity matrix dj, u < s is given by the first u eigenvectors of ®, where
V =2n(Aut1 + ...+ An).

v

The similarity between MDS and PCA becomes identity when d; is a matrix of
Euclidean distances.

v



Multidimensional scaling
[ Je]

An example - voting in the US House of Representatives
Data form a matrix of dissimilarities of 19 votings of 15 congressmen
(3 possible outcomes: yea, nay, not voting). The distance is calculated
as the number of votings in which two congressmen voted differently.
H S H T F F W R H R M R M D

P
Hunt 0 8 15 15 10 9 7 15 16 14 15 16 7 11 13
Sandman 8 0 17 12 13 13 12 16 17 15 16 17 13 12 16
Howard 15 17 0 9 16 12 15 5 5 6 5 4 11 10 7
Thompson 15 12 9 0 14 12 13 10 8 8 8 6 15 10 7
Freylinghuysen 10 13 16 14 0 8 9 13 14 12 12 12 10 11 11
Forsythe 9 13 12 12 8 0 7 12 11 10 9 10 6 6 10
Widnall 7 12 15 13 9 7 0 17 16 15 14 15 10 11 13
Roe 15 16 5 10 13 12 17 0 4 5 5 3 12 7 6
Heltoski 16 17 5 8 14 11 16 4 0 3 2 1 13 7 5
Rodino 14 15 6 8 12 10 15 5 3 0 1 2 11 4 6
Minish 15 16 5 8 12 9 14 5 2 1 0 1 12 5 5
Rinaldo 16 17 4 6 12 10 15 3 1 2 1 0 12 6 4
Maraziti 7 13 11 15 10 6 10 12 13 11 12 12 0 9 13
Daniels 11 12 10 10 11 6 11 7 7 4 5 6 9 0 9
Patten 13 16 7 7 11 10 13 6 5 6 5 4 13 9 0




Multidimensional scaling
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Skalowanie wieowymiarowe

Sandman.R
Thompson.D
=1 HuntR i Patedq; i.D
Widnall.R Daniels.D HR
Freylinghyysene »
@ Maraziti.R

T T T T
-0 -5 0 5

@ Sandman i Thompson are far from the centers of their parties,

o the republican congressman Rinaldo is close to democratic
congressmen,
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