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optimal number of clusters )

cluster analysis aims at finding structures called clusters
in the observation set...

... 1.e., disjoint subsets of the observation set characterized
by some level o similarity among observations belonging to
it,

different subsets are distant from each other (in
comparison to observations inside subsets),

it is a typical case of unsupervised learning - we do not
have the training set nor any prior knowledge how to
assign the class to an observation,

we assume that the number of clusters is determined

which makes the process of finding clusters a well-defined
optimization task.
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First: cluster analysis in Euclidean space RP
o we have an n-element set of observations x;, i = 1, ..., nin
RP,
o we would like to divide this set into K clusters,

1 n n
T = — d"/
2 ; ﬂ; ! diy = d(Xj, Xjr)
the sum squared distances ~ squared distance between
among pairs of points of the observations X; i X;

set
@ we have made an arbitrary classification of observations

into K disjoint subsets k = 1, .., K, where we denote
C(i) = k as the membership of the i-th observation x; to
the k-th subset.



Cluster analysis - intro
[e] Je}

The sum of squares T can be separated into a sum of squares
among the pairs of observations belonging to the same
cluster and pairs belonging to different clusters

T=—W+B ZZ 2 dr

G 1.C(i)=k C(i")=k

15 > > e

k 1C(i
Changing the membership of observations, we change W i B
(T is always the same).

W - within the cluster
B - between clusters

So cluster analysis is minimization of observations dispersion
inside the clusters — minimization of W (maximization of B).
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Of course, in general it is a combinatorial task but the number
of ways of dividing n observations into K clusters is

15K ()R ( " ) kN, which in case of n = 100 i K = 5

gives 1087.

W can be re-written as

K
W=y
k=1 C(j)

d(x;, mg)n,
=k
where
o ny - cluster cardinality Kk number of observations),

omy = nlk > c(iyk Xi - mean (vector) value of all
observations belonging to the k-th cluster (the center of
the cluster)
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Q initialize K cluster centers my,
O assign observations to closest centers my
o if less than K clusters — go to step 0

Q calculate new centers and go to step 1
@ end if no observation is moved from one cluster to another
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0 itis also possible to first set the clusters and then calculate
the centres

o the algorithm converges but not necessarily to a global
solution — these can be local minima,

o thus it is worth to start the algorithm with different initial
conditions
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o in the case of K-means algorithms it is necessary to set
(arbitrary) the number of clusters K,

o K is in fact often defined by the type of the problem, e.g., a
company needs to divide its customers to exactly K sales
assistants based on customers interests (similarities) — in
this case the company cannot change the number of
clusters

o in several cases it is nonetheless necessary to create
optimal division into clusters and in this way estimation of
the optimal value of K*,

@ one may consider W as suitable indicator...
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o ... but W simply drops down with the number of clusters,

o why? we introduce more and more centers so the mean
distance will decrease
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We run the K-means algorithm for K = 1,2, ... clusters and
stop when the difference between two consecutive W cease to

be large
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How should be proceed when observations x are formed of nominal
attributes?
The distance cane be swapped with (dis)similarity.

Each of p components of i takes x,-(k) € {0,1}. Let us denote:
@ acomponents are both 1,
© b components are x¥) =1 xl.(k) =0,
o ¢ components are x{ = 0 x =1,

O d components are both 0,

\
Hamming distance equals the number of components with different

values of observations (dj = b + c).
x |1 1.0 1 0 1 0
x[1 0 1 0 0 1 1

X X X x | dij=4
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Normalized Hamming distance:

&727:17

Using previous case data: E/,-,- = %

Jaccard coefficient defines the level of similarity as

_ b+c  b+ec
- at+b+c p-d

i

In other words this measure treats 0 as a lack of an attribute — 0 in
both observations does not improve the distinction among them.
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How should we proceed in the case of mixed attributes (e.g.,
real-number and nominal)?

To obtain Gower’s distance:

o first we need to calculate the similarity coefficient for each
vector component separately,
o we assume that value are incomparable when
Q there is a lack of value in one of the objects,
Q itis a binary variable and it is missing in one of the objects,
© both the compound coefficient s; as well as its partial
values s are noramlized,

o the possibility of comparison of the k-th component is
described by Jji coefficient: 1 (comparison possible) or 0
(comparison impossible).
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o
’(2221 o \X(k) X(k)\
Sij = P Sik =1 — i J :
> ik J range of the k-th variable
k=1
' variable k value
i-thobject [1 1 0 O
Sik = { 1,if X = " jthobject |1 0 1 0
’ 0, in the opposite case - 170 0 0
Jijk 1 1 1 0
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How can we deal with the mean value?

The mean of the set Zx defines a point in RP that minimizes the sum
of squares of distances from this point to any other element of the set

Zkl
Xz, = argmin Z d(x;,y)

X; €2k

Thus the task of W minimization is equivalent to the following task of
minimization with respect to the family C of all possible divisions of
the set to K separate clusters and, simultaneously, with respect
clusters’ centers.

min Zd x,,yC,) min Z Z d(x;,Yk)

C{Yk}k 1 j—1 C{yk}k 1 =1 C(I

In effect the center of such cluster can be only one of its elements.
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they are based on the measure of similarity among any two
set of observations,

o they do not require a predefined number of clusters,
o in the first step of the agglomerative method we create as

many clusters as there are observations,

in the next step the least distant pair of observations is
linked into one cluster,

in the following steps the number of clusters drops down
and in the last step teh whole set belongs to one cluster,

o in effect we obtain a dendrogram,
o one can obtain similar results starting from the top (one

cluster) but this method needs much more computational
effort.
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@ single linkage between clusters i and j is equal to the smallest
distance among the pairs of observations where one belongs to
one cluster and the other - to the second one,

O complete linkage between clusters i/ and j is equal to the
largest distance among the pairs of observations where one
belongs to one cluster and the other - to the second one,

O average linkage — mean value of distances among all the pairs
of observations (from two different clusters).

Dx,j = min{ Dy, D} = % (Di + Dij — | Dix — Dyj)
Dy.jj = max{Dyi, D} = % (Di + Dij + | Dix — D)
Dyj = 72 Dix + 7

ni+n; ik ni+n;°

000
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Below we show a simple example of the agglomerative method: on the left
the data, in the middle - a dendrogram, on the right - process of clusters
creation (negative values denote linking observations, positive ones
represent clusters added in the given step, e.g., -17 1, is adding observation
17 to cluster that was formed in the 1 step).
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The method can also be used to more abstract data: below cluster analysis of
votings for republican candidates in US presidential elections for different
years and states.
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MinPts =4
eps=1unit Border

/7\ Key parameters: eps (radius of neighborhood, MinPts
N (minimum number of points within eps to form a dense
e region).

DBSCAN works by categorizing data points into three types:
@ Core points - sufficient number of neighbors within eps

T A O Border points - near core points but lack enough
M.@,,g neighbors to be core points
&<7" O Noise points which do not belong to any cluster.

B N

N
°

O Identify Core Points: For each point count the number of points within eps. If it
meets or exceeds MinPts it is a core point.

O Form Clusters: For each core point with no assignment create a new cluster.
Recursively find all density-connected points i.e points within the eps radius of
the core point and add them to the cluster.

O Density Connectivity: Two points a and b are density-connected if there exists
a chain of points where each point is within the eps radius of the next and at
least one point in the chain is a core point.

O Label Noise Points: Points that do not belong to a cluster are labeled as noise.

v
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