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Soft-margin No M: kernel trick

o supervised learning,

o relatively new approach, suggested by Vladimir Vapnik in
1990s,

o new look of the task of finding the best hyperplane
discrimination,

o additionally the idea of enriching the observation space
and finding the hyperplane in the new space,

o based on the solution of a simple linear-quadratic
optimization problem,

o often used to: categorize text, classify images and
handwriting recognition.
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o //,,X o we consider discriminant
° e w7 analysis task in RP with g = 2
o ¢ . & (number of classes),
/ O we assume that both
P /5{ sub-samples are linearly
e o separable, i.e., they can be
L7 0 O 0 separated in a perfect way
/ o O o with a discriminant
L7 e hyperplane,
/ X 0 it implies the existence of a
7 margin bounded with two
parallel hyperplanes without
any element of TRAIN inside,
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~ ) VN O the optimization task is to find
R the widest possible margin,

o ® . o /- @ in the middle of the margin
®e * e we set the discriminant
K . /é“ hyperplane ,

y o o the name (SVM) comes from
, /070 the fact the margin
o Op hyperplanes need to cross
’ % some data points (otherwise
the margin could be
‘ extended) - these are the

support vectors.
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In order to separate the data in
an optimal way one often solves
the problem in space characterized
with a much higher dimension than
p (as the calculations include sca-
lar product it is possible to choose
a different kernel).

In the likely case the data is not
linearly separable we introduce a
penalty (as in the utility function
in genetic algorithms) for non-ideal
separation of sub-samples.
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Let’s start with the simplest case: linearly separable classes (i.e.,
hard-margin). We assume a binary class problem (g = 2) and
the following TRAIN set

(X1?y1)7'--a(xn7.yn)v Yi € {_1a 1}a X € Rpa

with the classes coded as 1 and -1. We assume there is a hy-
perplane x w RP, separating classes

wx+b=w-x+b=0 |

where - stand for the scalar (dot) product, and the w vector and
b constant are chosen accordingly.
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Owing to linear separability the
discriminant hyperplane (here:
a line) H lies in the margin bo-
unded by two hyperplanes H i
H, and clear of any TRAIN set
observation.

In order to make this stripe (the
margin) as wide as possible it
is necessary that its bounds are
supported on TRAIN set points.
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X " For each observation from the
) TRAIN set x;, i =1, ..., none of the
inequalities is fulfilled

X;-W+b>+1, when y=+1,

X;-W+b< -1, when y,=-1,

v

For observations on H; i H> they

become equations.
They can be written out as one inequality for all x; as

yi(Xi-w+b)—1>0
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The distance between H; and the
origin is

[1-b]
[|w|

while in the case of H, the distance
is

Thus the distance between H; and H, reads

d+—|—d7:7
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In result the problem of finding the optimal setting of H brings us
to maximization of
2
dy+d- = —-
" |lwl
or, equivalently, minimization of

w2
2

with the following constraints

yi(X/'W+b)—1 >0

The optimal hyperplane is then set in the middle so that d,. =
d.
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This is functional minimization problem possible to be written out in a
form of Lagrange function:

L(w, b, o) = %(w-w) =Y ai{lx;i-w+bly; — 1}
i=1

where « is a vector of non-negative Lagrange multipliers. We seek
function maximum w.r.t. «; and minimum w.r.t. w i b. So we require
that derivatives of L w.r.t w and b are equal to zero and the following
condition is fulfilled

Zai{[xi'Woero]}’i*”:O

i=1
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Zeroing out the derivative (gradient) w.r.t. w gives

n
W= Z YiaiXi
i=1

aw.rt bitis

n
Zyl‘a/ =0
i—1

Taking that into account we have the following Lagrange function

n n
1
L(a)=> aj— 3 > Viviaiaj(X; - X;)
(=1

i,j=1

maximized subject to

a;j >0 i:1,...7n 27:1}/,'01,'20.
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It is essential to notice that the conditions

Za,-{[x,--wo—i—bo]y,-—1}:0

i=1

imply that the only non-zero «; coefficients are those reflecting the
support vectors! In effect the only summations carried out are over
values i corresponding to vectors that lay on Hy i H». The solutions
comes with a set optimal Lagrange multipliers a® = (a9, ...,9%). and
the optimal hyperplane is

Zyl +b°—0

where the b° constant can be calculated as

1

bO:E(w-xT+w-x*_1)
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The set consists of 12 points - 6 from
each class. We call svm() function
from the R package and the following
values of «;. Points with «; > 0 are

support vectors.

Xi Yi
1.0 2.0
1.5 1.0
1.0 4.0
1.5 3.0
25 2.0
35 2.0
2.0 5.5
30 50
35 4.0
45 45
5.0 2.0

5.0 3.5

@
0.000
0.000
0.000
0.000
0.000
1.542
0.327
0.000
0.000
0.000
1.215
0.000
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n
—1.333
W= yioX = ( —1.142 )
i=1 )

o™ b= % (W-Xx7 +w-x"y)=7.95

@ Wasaz

and the hyperplanes are

Wy 1-b

Hi:y=—-——2-
) 1.y W, + o
1 2 2 4 5 H & 1+b
’ A= wy, Wy
w; b
Ho:y——fx = =
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In reality, class separation seldom occurs (e.g., due to data random-
ness). Fortunately, incorporation of this fact in the SVM method is re-
latively easy. Original inequalities are then substituted with

X Wrb>1-&, gdy yi—-+1, |

Xji-W+b< -1+, gdy y=-1, |

whereas the constants ¢ > 0 allow to violate the original conditions.
In result we have the task of function minimization

||w|[? =
= +C;§,

where C is a parameter - penalty coefficient for not fulfilling the original
restrictions.
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In turn we simply maximize

n n
1
L) =Y ai— 2 yeioy(xi-x)
i=1

ij=1

subject to
0<a;<C i=1,...,n 27:1}/,'04,':0. ‘

The C constant has to be chosen, e.g., by TEST set or cross-validation.
Taking into account the random charcater of data, choosing small va-
lue of C prevents over-fitting.
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We have 100 observations - equally di-
vided to 1 and 2. Once again we call

’ . svm() function from R packaage indi-
e . . .
cating C = 10. The following point are
° g support vectors.
o . i
° °

= ° @ ° Xj Yi aj
oo 0571 -0.384 _ 10.000
° se oy oo 0312 0510  10.000
& ° %% % s 0562  -0.154  10.000
- ° o, °° : ° S e -0.424  0.310 10.000
MR 0250 1.153  10.000
. o L — 0.398  0.338  10.000
* .. . 1338 1.345  10.000
o el o 0.003  0.192  10.000
¢ e ° 0.348  0.749 1.947
S et eee -0.882  1.186  10.000
e, 00 0536 -0.777  10.000
. o8 1143 0.710 2.372
. 0430  -1.454 9.575
. 0278 0.003  10.000
- . - 0475 2192 10.000
x 0932  1.058  -10.000

-0.635 0.596 10.000
0.524 0.327 10.000

Only those points with «; < C are taken into account to obtain b.
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We derive w as

n
1.316
W= ;y’“"x" = < 0.957 )

and b is calculated as

o b=%(w-x7+w~x*_1):—0.175

y

while the hyperplanes are

w; 1-b

A H1:y:fW;x+ "
w, 1+b

H2:y:7W;X7TX

Wy b

Hy:y=—"x— —

o:Yy , We
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From the previous derivations it should be clear that the observation
space RP comes only in the form of the dot product. On the other hand
it is known from linear algebra that the transition from linear relations in
the space RP to non-linear ones can be described as a linear relation
in an enriched space. Let us consider an example with p = 2 and
calculate the following function

(A 4+%-y)2 = (T4 x1y1 +Xey2)? = 142X )1 +2xa)2 + X5 Y3 +2X1 Y1 Xe Yo + X2 Vo
It is equivalent to the following dot product

2(x)2(y)

in the transformed variables

(I,(x) = (1 ) \/§X1 ’ \/§X25X123X227 \/§X1X2)
o(y) = (1 N2y, Vays, yiy5, \/§y1y2)
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Why do put so strong an emphasis on that? First, all these calculations
are done simply by dot product and not the transformed observations,
(i) the non-linear transformation often boosts classification accuracy:
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In practice we simply swap the dot product in the Lagrange function

Zal - 2 Zyl}’,a:a/ X; - xj)

ij=1

with a suitable kernel K(xi, x;)

L(a) = Za, =5 Zy,y,a,a, (i, %;)

ij=1

More importantly, we do not even need to know the new space. It is sufficient
that the new kernel fulfills the conditions required by the Mercer’s Theorem
from functional analysis. The most prominent kernels are: polynomial, radial
and tangent one

K(xj,%;) = (1+%; - %)%

2
K(x;, X;) = exp(—=~||x; — x;||%)
K(x;, X;) = tanh(Wq(X; - X;) + Wp)
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A radial kernel example with z v = 0.5. Selected points are support

) vectors. )
o . Lo .
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Hyperplanes and the discriminant hyperplane.
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The same case with v = 5 (left) i v = 0.05 (right).
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Larger number of points with v = 0.5 (left - no separation) iy =5
(right)

L5 . . o o .
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