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They have appeared for the first in the context of sociological
research on questionnaires:
@ Morgan, Sonquist, Problems in the analysis of survey data
and a proposal, J. Am. Stat. Assoc. 58, 415 (1963)
o The Authors noted that majority of the methods rely on the
assumption of additivity of components
o their approach included interactions, worked in a
sequential way and set the decrease of predicting errors
as objective function

A directed tree (directed, acyclic and percolated graph), with
one distinguished node (a root), being the initial node of the
tree.
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— o if there are branches reaching
anch out of a node to other nodes
(children) then we call it a
(& Jemeren(_c parent node,
@ children and their children are
et (0 ) =) descendants of a parent node,

@ a node without children is a leaf

o there an agreement to draw trees growing from top to bottom
[sic!]: root at the top, leaf at the bottom

@ there is only one path from the root to each leaf,

9 in the root we have the whole training set; elements of this set
are moved along the branches from the top to the bottom,

@ in each node a decision is made w.r.t. to the branch along which
the data will be moved,

@ so in each node (except the leaves) -> division into subgroups
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o classification of 532 native Americans over 20 years old women
from Pima tribe (Phoenix) as those suffering from diabetes
(positive) and those healthy (negative)

9@ a vector of properties: (1) number of times pregnant, (2) glucose
test level, (3) blood pressure, (4) Triceps skin fold thickness, (5)
BMI, (6) age, (7) pedigree
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@ by the brach — split rule (e.g., leaf no 4: glucose level < 127.5
and age < 28.5 is healthy,

@ nodes show the majority class node number,
o fraction of errors is shown below the node,
@ numbers refer to a binary tree (1-2-4-8-16...).
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Classification of observations with unknown classes.
The tree is trained with the training set:

o it determines the shape split rules
o it determines which nodes turn to leaves
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o done only on those elements of The diversity of the split

TRAIN that are available in a parts is maximal
given node,
o is a best split of the sub-sample
into two parts that are moved to [ 80/0 ] [ 0120 ]
children nodes

We need:
o a suitable measure of class diversity,
o difference of class diversity in parent and children nodes,
o the algorithm for diversity maximization.

NOTE! this is a locally best split, but it leads to good global
results
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discrimination problem with g classes 1,2,...g,
training set are pairs (x;, ), i =1,...,n,
we consider a specific node m,

the cardinality of the set that arrived at node m is n,, with
number of observations from class k in node m being Ny,

the fraction of observations from class k in node m,

Pk = 7= >, Oyk = T (84 - Kronecker delta),

observations at node m are classified as k:
k(m) = arg max Pk
o if mis a leaf — the ultimate outcome of x classification,
o otherwise — k(m) simply tells us on the majority class in
node m.
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A suitable diversity measure is such that takes
o 0, when all the observations come from one class,
o maximal values, when we have a uniform distribution
ﬁm1 = o000 :lbmg =1/9

@ fraction of wrong predictions:
L3551 = by, k(m)) =1 — Prmk(m)»

Q G|n| impurity (estimate of the fraction of wrong predictions
when observations from class k are predicted with pn):
> ke ProkPrkr = Y71 Pk (1 — Prmk )

Q entropy (information gain):

- 22:1 Pk log Pmk
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1 — max(p,1 —p)
Qn(T) =4 2p(1—p) A
plogp — (1 - p)log(1 - p) N

p - fraction of class 2 observations

p.. - fraction of TRAIN elements, that moved
from mto my, pp = ’,’,—mmL

( - J ( o ] pr =1 — P - fraction of TRAIN elements, that
moved from mto mg

Qm,.ms = PLQm, + PrQm, - compound measure of diversity among
children
AQm.m,.my = Qm — Qm,.m,, - diversity difference
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Pima Split rules
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In general: Gini impurity and entropy are more sensitive to
changes in class distributions!
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o looks for the best split,

o takes into account all splits on all components
For a given component (L values) we have
32k — 1 =21 — 1 spilits (in fact 2L splits, but we eliminate
empty set and focus on the split)

o so we need to make 251 — 1 splits and pick the one that
maximizes the criterion,

o the choice of the best split needs to be repeated for all
components and then choose the nets split on the best
component

o we have then a computational puzzle (e.g., for L = 50 we
need to check 24° — 1 splits!
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O in case the component is a number (even a continuous one has
a limited number of values) or is on ordinal scale we can restrict
to monotonic intervals: x() < ¢ (or x() < ¢), where cis a
certain observed value of the component,

o this allows to restrict the number of splits to L — 1.

\
Let g = 2, and the component have L levels. Let us assume that the
levels of the component x() are sorted with ascending p(1|x()

p(11xM) < p(1]x@) < ... < p(1]xV)
Then one of the L — 1 splits
{x ) xD) {x (D Xy

maximizes AQY i AQ°.
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o so we have the rules to build a tree but how should be
know when to terminate the growth?

o should we grow it as long as it is possible, i.e., until having
leaves with observation from one class?

o not likely — such a tree will be simply (overfitted)

o such a procedure makes only sense in a strictly
deterministic case (lack of randomness in the data)
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o first we grow a maximal tree or following some
straightforward rule, e.g.

o leaves have only one class observations,

o leaves have the same observations but characterized with
different classes,

o we arbitrary call a node a leaf if it possesses less than 5
elements from teh training set,

o we set a specific path length (e.g., 4) between the root and
the leaf

o we assess the tree on a validation set,

o we do a pruning of a tree (i.e., cutting off the terminal
branches, then its parents) in such way to obtain the
maximal predictive power
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o we denote the full tree as Ty, its size (the number of the
leaves) as | Ty,

o the classifying ability of the tree is measured as its error
rate R (on VAL or TEST sample) and calculate it for the full
tree R(Ty),

o then we find a rooted tree Ty of Ty with |T| — 1 leaves and
minimal error rate R(T;) (among all trees with | To| — 1
leaves),

o following we repeat the procedure for tree T, with |Ty| — 2
leaves etc, until we reach a global minimum,

o the drawback of this method is the the consecutive trees
do not have to create a rooted family
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@ a compromise between the cost of performing wrong
classification (R) and the cost of building the tree (which is
proportional to the number of leaves),

0 the task is to choose a rooted tree T of the full one Ty, for which
the minimum is reached with respect to the following criterion:

Ro(T) = R(T) + o| T/,

where a > 0 is the complexity coefficient

o for Tp we have Ry(To) = 0 (as « = 0 and resubstitution gives no
errors) but along with the increase of « we reach a value when
To ceases to be optimal,

O is is possible to show that there exists a rooted family of
sub-trees T;, such that each of them is optimal for all o from a
given range of a € [aj, ajy1), a1 < az < ...00



Tree optimization
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o first we build a series of optimal sub-trees T; in the consecutive
ranges [a,-, Q1 )

o the consecutive j-th tree is built for specific value of o, e.g.,
of = \/ajaj (geometric mean),

o the optimal tree does not have to be unambiguous, the algorithm
allows to choose the smallest rooted tree,

o for each tree T; we calculate the error rate and choose the tree
with the smallest number.
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