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Bayes classifier
An observation (a vector) x is assigned to such a class k , for
which

p(k |x) k = 1, ...,g

is the largest value over all k .

p(k |x) is the probability that class is k given the observed predictor
value x (posterior probability)

Bayes’ theorem

p(k |x) = p(k)p(x|k)
p(x)

typically we denote πk = p(k)

In the case of two classes the ratio of posterior probabilities reads

p(2|x)
p(1|x)

=
π2p(x|2)
π1p(x|1)
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LDA

Let us consider k classes and observations x from a multidi-
mensional Gauss PDF p(x|k) ∼ N (mk ,S), i.e.,:

p(x|k) = 1

(2π)
p
2 |S|

1
2
exp

[
−1

2(x − mk )
T S−1(x − mk )

]
each class k is characterized by its mean value mk

all classes have the same covariances S
Using Bayes’ rule we can easily define the discrimination
function for g = 2

δ12(x) = ln p(1|x)
p(2|x) = ln π1

π2
+ ln p(x|1)

p(x|2)

or

δ12(x) = ln π1
π2

+ 1
2(m1 − m2)

T S−1(m1 + m2) + (m1 − m2)
T S−1x
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LDA

If δ12(x) > 0, then x is assigned to class 1, if δ12(x) < 0, then x
is said to be class 2.

Discrimination hyperplane equation

ln π1
π2

+ 1
2(m1 − m2)

T S−1(m1 + m2) + (m1 − m2)
T S−1x = 0

Random sample with n1 = 60,
n2 = 10.

S =

[
1 0
0 1

]
m1 =

[
2
2

]
m2 =

[
−1
−1

]
When W = S and π1 = π2 we
arrive at FLD (dashed line).
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LDA

If g > 2 we can define discrimination hyperplane equations for
pairs of classes.

LDA discrimination hyperplane equation

δkl(x) = ln π1
π2
+ 1

2(mk −ml)
T S−1(mk +ml)+(mk −ml)

T S−1x = 0
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QDA

In the case of QDA (quadratic discriminant analysis) we as-
sume different covariances p(x|k) ∼ N (mk ,Sk ).

QDA discrimination hyperplane equation

δkl(x) = ln π1
π2

+ 1
2 ln |Sk |

|Sl | + xT (S−1
l ml − S−1

k mk )− 1
2xT (S−1

l −
S−1

k )x − 1
2mT

l S−1
l ml +

1
2mT

k S−1
k mk = 0
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K-nearest neighbors methods

direct estimation of the conditional posterior probability
p(j |x) of an observation x being assigned to class k
each estimator must rely on the training set:

a natural way to estimate p(j |x) is to compare the density of
observations from different classes in closest distance x.

Closest distance
What exactly is closest distance?
How to define it? How many observations are withing the
closest distance?
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k -nearest neighbors

k observations closest to xi among
all x1, ...,xn

So we simply talk about a sphere in Rp, centered in x and with
a radius such that there are exactly k observations xi inside the
sphere.

p(j |x) =
∑

⟨k⟩ x ∈ j

k

Observation x will be assigned to
such a class j , that characterizes the
majority of k closest observations x
from the training set
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(k,l)-nn variant

Like in k-nn but now among k NN at
least l belong to a given class [here
(4,3)-nn)]

good approach when classification costs are not equal

Notes
1 If we have more then k equidistant observation, then we simply take

them all (here: 3-nn, but we take 4 points)
2 in case of draw the decision is pending (e.g., random choice)
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Distance in k-nn
K-nn and its outcomes heavily rely on the assumed metrics
(i..e, the definition of distance):

typically: Euclidean distance,
also: Mahalanobis distance dm(x,y) =

√
(x − y)T A(x − y)

critical on the class boundary
it is possible to choose A so that we
minimize the errors (e..g, by
cross-validation)
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Mahalanobis distance
It is a distance between two points in n-dimensional space, that
differentiates among the inputs from components and uses
correlations among them.

dm(x,y) =
√

(x − y)T C−1(x − y)

Cases:
equal variances and no correlations (C = I) (Euclidean
dist., equidistant points form a circle),

unequal variances and no correlations C =

[
σ2

x 0
0 σ2

y

]
(equidistant points form an ellipsis)
unequal variances and correlations C - full covariance
matrix (equidistant points form an ellipsis)
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An example
5-nn, α = 0.91
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An example
5-nn, α = 0.91
3-nn, α = 0.95



Bayes classifier LDA and QDA K-nearest neighbors methods Distance K-nn example The dimension CNN method

An example
5-nn, α = 0.91
3-nn, α = 0.95
1-nn, α = 1.00
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Dimensionality Curse

k-nn method has severe
problems in case of
multidimensional data,
let’s concentrate on a
case where points are
drawn uniformly in a cube
[− 1

2 ,
1
2 ]

p,
we look for the median of
the radius of 1-nn method
localized in the origin of
the plane,
the median rapidly goes
toward 1/2.
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Dimensionality Curse
How to deal with Dimensionality Curse?

you need some extra
information about the
system w.r.t scattering
of points in a specific
dimension,
we often use
preliminary methods
(LDA, PCA) to reduce
dimemensionality
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Condensed Nearest Neighbors (CNN)

In many cases we need to restrict the set used to make decisions
(too many distance calculations).

first we remove outlier points. i.e. those wrongly classified,

we divide remaining points into prototypes and absorbed
points,

Using the set X = {x1, x2, ..., xn} from the training sample we:

add x1 to U,

go through X , to pick an element x , whose closest prototype from U is
assigned to class other than this of x ,

remove x from X and add to U,

proceed until there is no element that we can add to U.
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Results
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