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We have samples belonging to two classes y ∈ {A,B}: (x1, y1), (x2, y2), ...,
(xn, yn), where xi is the i-th observation (data point) and yi
shows the class it belongs to.

Each x element is a
column vector of length p

x̄i =


x1

i
x2

i
...

xp
i


The value of p describes
the dimension of the
system (it does not need
to be a physical spcae).

In each class we can calculate the
mean value

x̄ =
1
n

i=n∑
i=1

xi

and the covariance

S =
1

n − 1

i=n∑
i=1

(xi − x̄)(xi − x̄)T
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FLS’s main assumption: covariances in both classes are equal.
In result the common covariance matrix (within-class covariance)
W is given by:

W =
1

n − 2

2∑
k=1

(nk − 1)Sk =
1

n − 2

2∑
k=1

nk∑
i=1

(xki − x̄k )(xki − x̄k )
T

Sk - covariance in the class k ,
n = n1 + n2 - number of data points in both groups

Obviously, the equal covariance condition is rarely fulfilled, no-
netheless this approach works quite well in the presence of de-
viations.
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(First) discriminant

ã ∼ W−1(x̄2 − x̄1)

Thus an observation x fulfilling the

Discriminant condition

|ãT (x − x̄1)| < |ãT (x − x̄2)|

is said to belong to class A. The discriminant hyperplane is gi-
ven by

Discriminant hyperplane

(x̄2 − x̄1)
T W−1

[
x − 1

2
(x̄1 + x̄2)

]
= 0
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One can note that

(
aT x̄2 − aT x̄1

)2
= aT (x̄2 − x̄1)(x̄2 − x̄1)

T a = (1)

=
n1 + n2

n1n2
aT

2∑
k=1

nk (x̄k − x̄)(x̄k − x̄)T a

where x̄ is the overall mean (over all observation regardless of
the class).
Owing to this we can define between-class covariance

Between-class covariance matrix

B =
2∑

k=1

nk (x̄k − x̄)(x̄k − x̄)T
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In result, the maximalization w.r.t. a of(
aT x̄2 − aT x̄1

)2

aT Wa

is an equivalent of maximizing

aT Ba
aT Wa

,

which instantly gives rise to a generalization of FLD to a multi-
class (g > 2) case.
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Discrimination problem for g > 2

Find direction ã that maximizes

aT Ba
aT Wa

where

Between-class covariance

B =
1

g − 1

g∑
k=1

nk (x̄k − x̄)(x̄k − x̄)T

i

Within-class covariance

W =
1

n − g

g∑
k=1

nk (nk − 1)Sk



Recapitulation (two-class FLD) Multi-class FLD Multiclass examples Bayes classifier

Solution for g > 2 (no proof)

The vector ã that maximizes

aT Ba
aT Wa

is an eigenvector of the matrix W−1B, corresponding to the
largest eigenvalue of this matrix

Decision rule
An obervation x is said to belong to class j if

|ãT (x − x̄j)| < |ãT (x − x̄k)|

for each k ̸= j .
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Przykład 4 - g = 5

x̄1 =

[
2
2

]



Recapitulation (two-class FLD) Multi-class FLD Multiclass examples Bayes classifier

Example 4 - g = 5
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2
2
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4
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Example 5 - g = 3
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Przykład 5 - g = 3
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Bayes classifier

Bayes classifier
An observation (a vector) x is assigned to such a class k , for
which

p(k |x) k = 1, ...,g

is the largest value over all k .

p(k |x) is the probability that class is k given the observed predictor
value x (posterior probability)

Bayes’ theorem

p(k |x) = πk p(x|k)∑g
r=1 πr p(x|r)

=
πk p(x|k)

p(x)

p(x|k) is the density function of x that comes for k th class,

πk is the overall (or prior) probability that a randomly chosen
observation comes from k th class,

p(x) is the overall probability of x.
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Naive Bayes classifier

In the case of classes (g = 2) the ratio of posterior probabilities
is simply

p(2|x)
p(1|x)

=
π2p(x|2)
π1p(x|1)

Let us now assume that observation vector components x =
[x1, x2, ..., xp]T are independent, i.e.,

p(x|k) =
p∏

i=1

p(x (i)|k)

Then

p(2|x)
p(1|x)

=
π2

∏p
i=1 p(x i |2)

π1
∏p

i=1 p(x i |1)
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Naive Bayes classifier

After applying logarithm function to both sides

ln
p(2|x)
p(1|x)

= ln
π2

π1
+

p∑
i=1

ln
p(x i |2)
p(x i |1)

This leads to the following classification rule:

Naive Bayes classifier for g = 2

If

ln
π2

π1
+

p∑
i=1

ln
p(x i |2)
p(x i |1)

> 0

then assign observation x to class 2, otherwise—to class 1.
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Naive Bayes classifier

Naive Bayes classifier properties:
consecutive observation vector x components give an
additive influence
p(x i |k) value are unknown and estimated as

p̂(x i = l |k) = nik (l)
nik

nik is the number of all observations from class k for which
the i th component of x has been measured,
nik (l) - is the number of all observations from class k for
which the i th component of x has been measured on the
level l

π̂k is estimated as nk
n , where n is the total number of all

observations and nk is the number of observations from
class k
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Naive Bayes classifier - an example

Defining
Air humidity:

0-30 % (low),
31-70 % (average),
71-100 % (high),

Pressure:
< 990 hPa (low),
990-1010 hPa (average),
> 1010 hPa (high),

Classes:
class 1 (sun),
class 2 (rain),

day humidity pressure class

1
2
3
4
5
6
7
8
9

10
11
12
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Naive Bayes classifier - an example

humidity pressure

low 2 2 1 4
avg 2 4 3 2
high 1 1 1 1
Σ 5 7 5 7

humidity pressure

low 2/5 2/7 1/5 4/7
avg 2/5 4/7 3/5 2/7
high 1/5 1/7 1/5 1/7
Σ 1 1 1 1

Estimation of priors: π̂1 = 5
12 , π̂2 = 7

12 .
A new observation x = [H = low ,p = high]T appears. To which class
should we assign it?

ln
p(2|x)
p(1|x)

= ln
π̂2

π̂1
+ ln

p̂(H = low |2)
p̂(H = low |1)

+ ln
p̂(p = high|2)
p̂(p = high|1)

ln p(2|x)
p(1|x) = ln

7
12
5
12

+ ln
2
7
2
5
+ ln

1
7
1
5
= ln 7

5
2
7

5
2

1
7

5
1 = ln 5

7 < 0


	Recapitulation (two-class FLD)
	Multi-class FLD
	Multiclass examples
	Bayes classifier
	Bayes classifier
	Naive Bayes classifier
	Naive Bayes classifier - an example


