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Introduction

Factor analysis (FA) - brief history

its origins (as in the case of PCA) point to first years of 20th
century,
invoked by Charles Spearman’s work on indicating that be-
hind our success (or lack thereof) in any cognitive perfor-
mance there is hidden but existing factor called by the re-
searcher a "general mental ability".

FA - aims

finding hidden features (variables) that are unobserved but
possessing a specific and direct influence on the measured
values of observed features
connected to PCA but unlike it FA is a data model.
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Definitions

Let us introduce the following notation:

Observations vector

x = [x (1), ..., x (p)]T ∈ Rp

The observation vector x is random vector with the observation
mean m and covariance matrix Σ.

Hidden factors vector

z = [z(1), ..., z(k)]T ∈ Rk

where k < p.

We assume that observation vector x can be modeled as linear
combinations of a smaller set of k hidden random variables z.
Variables z are unobserved.
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Definitions

Factor analysis model

x = m +∆z + e

In the above equation ∆(p,k) is matrix of constant unknown co-
efficeints δij , i = 1, ...,p, j = 1, ..., k while e is a vector of random
values often called stochastic error term .

e = [e(1), ...,e(p)]T ∈ Rp

The following assumptions are made:

E(z) = 0 cov(z) = I
E(e) = 0 cov(e) = Ψ cov(z, e) = 0

where Ψ is diagonal matrix with Ψjj on the diagonal.
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Definitions

Each component of the centered vector of observations can be
expressed as sum of the linear combination of k factors and
random variable e(i) uncorrelated with the factors

x (i) − m(i) =
k∑

j=1

δijz(j) + e(i)

Names

Variables e(i) are called specific factors.
The z(i) are called common factors.
This naming convention is connected to fact that the i-th speci-
fic factor influences only the i-th component of the observation
vector while the common factors refer to correlations among dif-
ferent variables.
The δij coefficients are called loadings - the vector [δ1j , ..., δpj ]

T

is vector of loadings of the j-th factor.
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Definitions

The factor analysis model can be in short written as

observed
variables

= loadings x common
factors

+ specific
factors

Let us calculate the covariance matrix of the observation vector

Σ = cov(x) = cov (∆z + e) = cov(∆z) + cov(e) =
= ∆cov(z)cov(zT )∆T + cov(e) = ∆∆T +Ψ

In particular variances of x (i) have the form of

σii =
k∑

j=1

δ2
ij + ψii

thus they sum specific variance ψii (connected only to x (i))
and common variance.
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Definitions

Factor analysis can be understood as checking if the cova-
riance of the observed data can be adequately presented as
Σ = ∆∆T +Ψ assuming the FA model x = ∆z + e.

The positive answer of certain number k of common factors ena-
bles making the following statement: the p-dimensional vector
of observations is governed by k hidden factors whose meaning
has to be defined in separate way.

As it concerns the technical part: we need to estimate unknown
values δij and ψii .
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Lack of unique solutions

One needs to note that the hidden factors in the proposed model
cannot be estimated in a unique way. If we multiply the factors
by any orthogonal matrix it will not affect the model:

x = m + (∆G)(GT z)

where G(k ,k) is an orthogonal matrix.
Thus the substitution of ∆ to ∆G does not change the cova-
riance matrix Σ:

Σ = (∆G)(∆G)T +Ψ = ∆∆T +Ψ

Such a left-hand-side multiplication by G is equivalent to a ro-
tation of factors in Rk . Of course it results in the change of lo-
adings, but does not bring any effect to Σ decomposition.
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Lack of unique solutions

In other words our model x = ∆z + e is indefinite as ∆ cannot
be computed in a unique way.

A common practice is to set additional conditions for elements of
∆ or ∆ i Ψ in order to obtain a definite form. One of the simplest
ones (though completely arbitrary one) is to require that ∆∆T is
diagonal.

Having obtained ∆ and Ψ we can perform any rotation of the
vector of hidden factors — it allows to choose such a an angle
that the new vector GT z results in loadings enabling the best
interpretation of the new factors.
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Estimation

Let us estimate the upper bound for the number of common fac-
tors. The formula for Σ gives

p(p + 1)/2

of known parameters of Σ matrix and

p + pk

of unknown parameters (p specific variances and pk loadings
δij ). Additionally the diagonalization of ∆∆T results in

k(k − 1)/2

additional bonds. Finally a following inequality holds

p(p + 1)/2 ≥ p(k + 1)− k(k − 1)/2
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Estimation

As a result the number k of common factors needs to fulfill the
inequality

(p − k)2 ≥ p + k

Of course in reality we require that the number of hidden factors
responsible for the observed data is low so we always fulfill the
inequality with a large buffer.
In order to estimate ∆ and Ψ we use the least squares method:
we minimize the sum

p∑
i=1

p∑
j=1

(sij − σij)
2

where sij is an element of matrix S and σij is an element of Σ.



Factor analysis Canonical Correlation Analysis (CCA) Nonlinear Principal Component Analysis (kPCA)

Estimation

Algorytm estymacji

1 we start by calculating partial derivatives from the criterion
(xx) and equating them with 0,

2 we calculate the first approximation of Ψ and denote it as
Ψ̂0,

3 as the first approximation of ∆ we take the matrix of k eige-
nvectors of S − Ψ̂0 corresponding tok largest eigenvalues
of this matrix,

4 we continue the procedure until the algorithm converges
(consecutive approximations of Ψ are equal to the diffe-
rence between S and the current approximation of ∆.
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Estimation

The equations describing the factor analysis model and the prin-
cipal components are quite alike. In fact, if we assume that our
data is centered, we have

x = ∆z + e

and
y = ΓT x

As Γ is an orthogonal matrix then

x = Γy

what can be written out as

x (1) = γ11y (1) + ...+ γ1py (p)

...
x (p) = γp1y (1) + ...+ γppy (p)
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Estimation

Treating last p − k elements on the r.h.s. as a noise e(i) allows
to write the system as

x (1) = γ11y (1) + ...+ γ1ky (k) + e(1)

...
x (p) = γp1y (1) + ...+ γpky (k) + e(p)

or

x (1) = δ11z(1) + ...+ δ1kz(k) + e(1)

...
x (p) = δp1y (1) + ...+ δpkz(k) + e(p)

where δij = γij
√
λj and z(j) = y (j)/

√
λj and λj are eigenvalues

of Σ = ΓΛΓT . We then have the same form of the system of
equations.
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Estimation

Does it mean that FA task is in fact equivalent to finding the
principal components?

NO! Variables e(j) are not correlated. The only exception is when
e(j) are zero (so Ψ is equal to 0) — then FA and PCA are equ-
ivalent.
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Przykłady
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Przykłady
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Linear analysis

Canonical correlation analysis — CCA goes back to 1930s. In it con-
nected to cases when we are interested in linear correlations among
the sets of data. Let

z = (xi , yi) , for i = 1, ...,N

denote measurements of N objects, where xi and yi can describe
some properties of these objects.
We can imagine that we have nx measurements of reading abilities
(included in xi ) and ny measurements of analytical skills (contained in
yi ) for N individuals. In a compact form:

Z =
(

X Y
)
=


x11 ... x1nx y11 ... x1ny

x21 ... x2nx y21 ... x2ny

... ... ... ... ... ...
xN1 ... xNnx yN1 ... xNny


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Linear analysis

Another good examples are two language corpora (e.g., one in English
and second in German). In such a case the elements of X i Y would
just reflect the number of times a given word has appeared in a certain
language.
In both such cases we would like to solve the following task:

Find such vectors v i w that the correlation
among a = Xv i b = Yw is maximal

If we assume to use Pearson correlation coefficient ρ this task is equ-
ivalent to the following one

max
a,b

ρ = E(ab) on condition that E(a2) = 1 E(b2) = 1

These conditions simply require unit standard deviation, additionally
we assume centered data (i.e., E(X ) = E(Y ) = 0).
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Linear analysis

We can also move to the Lagrangian formulation:

min
a,b

max
λ1,λ2

∑
i

vT xT
i yiw − λ1

2

(∑
i

vT xT
i xiv − N

)
− λ2

2

(∑
i

wT yT
i yiw − N

)

As usual, the typical next step is to obtain the derivatives with respect
to v and w: ∑

i
xT

i yiw − λ1
∑

i
xT

i xiv∑
i

yT
i xiv − λ2

∑
i

yT
i yiw

If we multiply the first equation by vT , and the second one by wT and
then subtract side by side, we would arrive at λ1 = λ2 ≡ λ.
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Linear analysis

To simply the notation we can use the following symbols:

Sxy =
∑

i
xT

i yi Sxx =
∑

i
xT

i xi Syy =
∑

i
yT

i yi

that in turn allows us to write the set of equation as

Sxy w = λSxxv
Sxy v = λSyy w .

Converting the first one to S−1
xx Sxy w = λv, and then multiplying both

side by Sxy and comparing it with the second equation (transformed in
a similar way) we have

S−1
yy Sxy S−1

xx Sxy w = λ2w
S−1

xx Sxy S−1
yy Sxy v = λ2v

.
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Linear analysis

Finally:

canonical vectors (v,w) are eigenvectors corresponding to r
largest eigenvalues 1 ≥ λ2

1 ≥ λ2
2 ≥ ... ≥ λ2

r ≥ 0,

eigenvalues are squared correlation coefficients,

consecutive (vj ,wj) pairs are orthogonal.
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Non-linear analysis (kCCA)

In the same way as in the case of SVM we can use non-linear relations
describing the data, i.e., use the concept of kernels. To do this we
represent canonical vectors (v,w) as linear combinations

v =
∑

i
Φ(xi)αi w =

∑
i
Φ(yi)βi ,

where αi and βi are coefficients.
As in the linear case we can write out a Lagrange function:

L = αT KxKyβ − λ1

2
(
αT K 2

x α− N
)
− λ1

2
(
βT K 2

y β − N
)
,

, where α, β ∈ RN and

Kx =
∑

i

Φ(xi)
TΦ(xi),

is a Gram matrix, i.e., (Kx)ij = K (xi , xj).



Factor analysis Canonical Correlation Analysis (CCA) Nonlinear Principal Component Analysis (kPCA)

Non-linear analysis (kCCA)

Similar considerations as in the linear case give the following system
of equations:

KxKyβ = λK 2
x α

Ky Kxα = λK 2
y β

.

which can be used to obtain α oraz β.
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Linear PCA once again

Recap: for a set of centered observations xi , i = 1, ...,N, PCA is in fact
diagonalization of the covariance matrix

S =
1
N

N∑
j=1

xjxT
j ,

using the solution of an eigenproblem

λv = Sv,

As all the solutions v with λ ̸= 0 come from the space spanned on
x1, ...,xN the above equation can be re-written as

λxk · v = xk · Sv for k = 1, ...N
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kPCA

We can now move to the enriched space Ψ(x), in wich the analogous cova-
riance matrix Ŝ will have the following form

Ŝ =
1
N

N∑
j=1

Φ(xj)Φ(xj)
T ,

As in the previous case, we are looking for eigenvalues λ and eigenvectors V
for

λV = ŜV,

We can write it out as

λΦ(xk ) · V = Φ(xk ) · ŜV dla k = 1, ...N

As V is spanned in the Φ(x1), ...,Φ(xN) space we can represent it as

V =
N∑

i=1

αiΦ(xi),
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kPCA

In effect, we take into account the following equation

λ
N∑

i=1

αiΦ(xk ) ·Φ(xi) =
1
M

N∑
i=1

αiΦ(xk ) ·
N∑

j=1

Φ(xj)Φ(xj) ·Φ(xi),

for k = 1, ...,N. As in the kCCA case, we can define the Gram matrix K

Kij = Φ(xi) ·Φ(xj),

which results in

Nλα = Kα.

We additionally normalize αk , requiring that Vk ·Vk = 1. In order to obtain PCs
we need to calculate the projections onto the eigenvectors Vk , i.e.,

Vk ·Φ(x) =
N∑
i

αk
i Φ(xi) ·Φ(x).
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