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How to reach me and class format

Contact details
Julian Sienkiewicz
Center of Physics in Economics and Social Sciences
Mathematics Build., room 529
phone 22 234 5808, email: julian.sienkiewicz@pw.edu.pl
WWW: https://jsienkiewicz.pl/index.php/pl/sde

Class format
Formally the course is lectures + final exam, however I offer
two different paths:

lectures + final exam,
lectures + 3 tests (AND python labs???).

mailto:julian.sienkiewicz@pw.edu.pl
https://jsienkiewicz.pl/index.php/pl/sde
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References

There’s a very vast literature on this subject. I recommend the follo-
wing two books:

T. Hastie, R. Tibshirani, J. Friedman, The Elements of Statistical
Learning: Data Mining, Inference, and Prediction, Springer

this one is freely available at
https://hastie.su.domains/ElemStatLearn/ (PDF).

James, Witten, Hastie, Tibshirani, An Introduction to Statistical
learning with Application in R, Springer

available at (WUT IP or library card access needed)
https://link.springer.com/book/10.1007/978-1-4614-7138-7

For those who would like to read in Polish the best option is

J. Koronacki, J. Ćwik, Statystyczne systemy uczące się, EXIT,

https://hastie.su.domains/ElemStatLearn/
https://link.springer.com/book/10.1007/978-1-4614-7138-7
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Tentative lecture schedule

1 Intro, Fisher’s Linear Discriminant (FLD)
2 Multiple Discriminant Analysis, Bayes classifier, LDA & QDA
3 Measuring classification performance
4 Classification Trees
5 Tree Pruning, Ensembles: bagging, boosting and random trees
6 Support Vector Machines (SVM)
7 Explainable AI (XAI)
8 Cluster Analysis
9 Principal Component Analysis and Multidimensional Scaling

10 Factor Analysis, Canonical Correlations Analysis, kernel methods



Organizational Issues Introduction Fisher’s linear discriminant

What is NOT covered by this very lecture?

Data science
This lecture is not an overall “data science” course that I deliver for
undergrads (‘Wprowadzenie do ’data science”) although some parts
are in fact overlapping.

Certain approaches

These issues will not be covered at all: neuronal nets (separate
lecture + practicals), text mining (separate lecture + practicals),
Bayesian inference and nets (2 separate lectures + practicals) or
genetic algorithms (separate lecture).

Data
You will also not learn (1) how to download data and (2) store them
(3) impute them (4) what are the best environments for data handling
etc
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OK, then what in fact IS covered by this very lecture?

1 overview of specific methods of data mining,

2 selection of both supervised and unsupervised approaches,

3 emphasis on mathematical foundations of presented methods,

4 in some cases strict derivations,

In general, we will cover the following issues:

1 classification,

2 clustering,

3 description.

Prerequisites:

Mainly linear algebra: matrices, matrix calculus, eigen-decomposition
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Intro

Fisher’s linear discriminant
Fisher’s linear discriminant (FDL) interchangeably used with LDA
– Linear Discriminant Analysis is bound to reduce the dimensionality
of the given problem, keeping as much information about the original
set as possible. Created by world-renowned statistician Sir Ronald A.
Fisher, this method relies on projecting observations onto an optimal
direction in the space.

Sir Ronald Fisher
1890 — 1962,

British geneticist and statistician,

proposed such notions as maximum
likelihood, ANOVA, F-test or Fisher
information.
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1D case

In short: how you can tell the class of a data point?

1D case
We have two classes: A and B. Each observation i is described by its
value xi .

x

Class A

Class A Class BClass A Class B

We calculate mean in each class x̄A x̄B

Class A Class B

We calculate mean in each class x̄A x̄B

Class A Class B

We calculate mean in each class x̄A x̄B

We estimate the overall mean x∗ = 1
2 (x̄A + x̄B)

Decision rule
A new observation j valued xj appears. Which class should it be

accounted for? If
{

xj < x∗ =⇒ xj ∈ A
xj > x∗ =⇒ xj ∈ B
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A 2D case

How about 2D? Things get tricky

A 2D case
We have again two classes: A i B. We’re looking for a direction a
upon which we can project our original observations.

x1

x2

a1a1a1

a2a2a2
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Theoretical description

We have samples belonging to two classes y ∈ {A,B}: (x1, y1), (x2, y2), ...,
(xn, yn), where xi is the i-th observation (data point) and yi shows the
class it belongs to.

Each x element is a column
vector of length p

x̄i =


x1

i
x2

i
...
xp

i


The value of p describes
the dimension of the
system (it does not need to
be a physical spcae).

In each class we can calculate the mean
value

x̄ =
1
n

i=n∑
i=1

xi

and the covariance

S =
1

n − 1

i=n∑
i=1

(xi − x̄)(xi − x̄)T
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Theoretical description

FLS’s main assumption: covariances in both classes are equal. In
result the common covariance matrix (within-class covariance) W is
given by:

W =
1

n − 2

2∑
k=1

(nk − 1)Sk =
1

n − 2

2∑
k=1

nk∑
i=1

(xki − x̄k )(xki − x̄k )
T

Sk - covariance in the class k ,
n = n1 + n2 - number of data points in both groups

Obviously, the equal covariance condition is rarely fulfilled, nonethe-
less this approach works quite well in the presence of deviations.
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Theoretical description

Discriminant rule

Find such a direction ã that divides the subsamples in a best way.
As a measure of separation take the square of the distance between
arithmetic means along direction a and normalize it by class scatter
along a.

J =

(
aT x̄2 − aT x̄1

)2

aT Wa
(1)

Within-class scatter along a:

Var(aT x) = aT W a
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Theoretical description

In other words we seek for a vector that maximizes (1). Do to this, we
differentiate (1) over a

dJ
da

=
d
da

[(
aT x̄2 − aT x̄1

)2

aT Wa

]
= (2)

=
2aT WaaT (x̄2 − x̄1)(x̄2 − x̄1)

T − 2[aT (x̄2 − x̄1)]
2aT W

(aT Wa)2

and equate the denominator to 0. Selected elements are scalars and
we will denote them as A i B:

A (x̄2 − x̄1)
T − B aT W = 0
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Theoretical description

Finally the direction (a vector) ã that maximizes J has the following
form

(First) discriminant

ã ∼ W−1(x̄2 − x̄1)

Thus an observation x fulfilling the

Discriminant condition

|ãT (x − x̄1)| < |ãT (x − x̄2)|

is said to belong to class A. The discriminant hyperplane is given by

Discriminant hyperplane

(x̄2 − x̄1)
T W−1

[
x − 1

2
(x̄1 + x̄2)

]
= 0
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Examples

Example 1 - 2D
(symmetric distributions)

x1 =

[
2 2 2 1 3
2 1 3 2 2

]
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=
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Examples

Example 2 - 2D
(elliptic distributions)
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Example 2 - 2D
(elliptic distributions)
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Examples

Example 3 - 3D

x1 =

 2 2 2 1 3 2 2
2 1 3 2 2 2 2
2 2 2 2 2 1 3


x2 =

 4 4 4 3 5 4 4
4 3 5 4 4 4 4
4 4 4 4 4 3 5


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Examples

Example 3 - 3D

x1 =

 2 2 2 1 3 2 2
2 1 3 2 2 2 2
2 2 2 2 2 1 3


x2 =

 4 4 4 3 5 4 4
4 3 5 4 4 4 4
4 4 4 4 4 3 5



x̄1 =

 2
2
2

 S1 =


1
3 0 0
0 1

3 0
0 0 1

3


x̄2 =

 4
4
4

 S2 =


1
3 0 0
0 1

3 0
0 0 1

3


W =


1
3 0 0
0 1

3 0
0 0 1

3


W−1 =

 3 0 0
0 3 0
0 0 3


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Examples

Example 3 - 3D
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
x2 =

 4 4 4 3 5 4 4
4 3 5 4 4 4 4
4 4 4 4 4 3 5



x̄1 =

 2
2
2

 S1 =


1
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
1
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

a ∼

 6
6
6

 z = −x − y − 9
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